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Abstract
We reconsider a generation of up-type quark mass hierarchy in the standard
model and clarify how a mechanism works to realize the hierarchy without severe
fine tuning.
1 Introduction
It is expected that the fermionmass hierarchies in the standardmodel (SM) are elegantly
understood from unknown features, e.g., flavor symmetries and a structure behind tex-
ture zeros, based on the top-down approach [1, 2, 3, 4, 5, 6]. The flavor structure of quarks
and leptons has been studied intensively, using various flavor symmetries [6, 7, 8, 9, 10,
11, 12, 13, 14]. It is important not only to identify flavor symmetries but also to figure out
what’s behind their breaking, because no exact flavor-dependent symmetries exist in the
SM [15, 16]. The bottom-up approach has also been used [17, 18, 19, 20, 21, 22, 23].
It is mostly believed that the fermion mass hierarchies are derived without severe
fine tuning. In other words, tiny Yukawa couplings should not appear as a result of fine
tuning among parameters of O(1) size. Hence, it is conjectured that there exist tiny pa-
rameters at a more fundamental level, and an excellent mechanism works to generate a
hierarchical structure on physical parameters.
In this letter, we reconsider a generation of up-type quark mass hierarchy in the SM
and clarify how a mechanism works to realize the hierarchy without severe fine tuning,
based on the following ideas. The SM is an effective quantum field theory (QFT), and
QFT is a tool or a framework to describe quantum phenomena in an efficient manner.
Parameters in the SM Lagrangian are not necessarily fundamental but effective ones,
and a tininess of some physical parameters is naturally understood by using more fun-
damental parameters.
The outline of this letter is as follows. In the next section, we present our basic idea in
general terms. We examine up-type quark mass hierarchy in Sect. 3. In the last section,
we give conclusions and discussions.
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2 Basic idea
We show that a hierarchy among physical parameters in magnitude can be generated at
a tree level without severe fine tuning, when more fundamental parameters exist. We
study an effective QFT described by the Lagrangian density:
LQFT =
∑
α
cα
Λdα−4
Oα, (1)
where cα are dimensionless parameters, Λ is a cutoff scale, and Oα are operators with
mass dimensions dα. We assume that particles are weakly coupled, i.e., |cα| ≤O(1).
Let cα be classified into two categories. One is a set of parameters that are physical in
itself, e.g., gauge couplings in the SM. The other is a set of parameterswhere physical pa-
rameters C˜a originate from, after redundant ones (unphysical ones) are eliminated, e.g.,
Yukawa coupling matrices y
( f )
i j
in the SM. Hereafter, we focus on a second one. When
there appears a hierarchy among C˜a in magnitude or C˜a contain a tiny parameter such
as up quark Yukawa coupling yu , a cancellation among cα is, in general, needed to derive
a tiny one with |C˜a | ≪O(1) from |cα| =O(1). In the following, we analyze this feature in
a quantitative way.
First, we regard cα as fundamental parameters, and introduce a measure of fine tun-
ing defined by1
∆cαC˜a ≡
∣∣∣∣∂ lnC˜a∂ lncα
∣∣∣∣=
∣∣∣∣∂C˜a∂cα
cα
C˜a
∣∣∣∣ . (2)
Here and hereafter no summations on α and a are done. The value of ∆cαC˜a implies a
necessary cancellation of first part of that. Or the smaller ∆cαC˜a are, the less a degree of
fine tuning is. For instance, in a case with
∣∣∂C˜a/∂cα∣∣=O(1) and |cα| ≫ |C˜a | for some C˜a ,
we have ∆cαC˜a ≫O(1) and need severe fine tuning among cα to obtain C˜a .2
We give a simple example that C˜a are given as linear combinations of cα such that
C˜1 =
∑3
α=1 A1αcα and C˜2 =
∑3
α=1 A2αcα. We assume that A1α and A2α are irrelevant to
cα, and their magnitudes are given by |A1α| =O(1), |A2α| =O(1), and |cα| =O(1). In the
presence of |C˜1| =O(1)≫|C˜2|, degrees of fine tuning are estimated as
∆cαC˜1 =
∣∣∣∣A1α cαC˜1
∣∣∣∣=O(1), ∆cαC˜2 =
∣∣∣∣A2α cαC˜2
∣∣∣∣≫O(1). (3)
The second relationmeans that severe fine tuning is needed to derive C˜2.
Next, we consider a case withmore fundamental parameters. They are classified into
two categories, { fk } and {εl }, based on their magnitudes, i.e., fk = O(1) and εl ≪ O(1).
Here, their values are taken as positive ones. For example, fk emerge as vacuum expec-
tation values (VEVs) of some scalar fields such asmoduli fieldsφ(M)
k
, i.e., fk = |〈φ(M)k 〉|/M .
1 This type of measure is originally proposed to quantify the degree of fine tuning on the Higgs boson
mass among soft supersymmetry breaking parameters [24].
2 The dependency of C˜a in cα can be restricted by imposing on a condition such as ∆cαC˜a ≤O(1). The
finite version is used in a bottom-up approach based on ‘stability’ principle [19, 20]. Here, the stability
principle means that a tiny parameter should not be sensitive to a change of fundamental parameters.
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Here, M is a fundamental scale such as a string scale or the Planck scale. Then, themag-
nitudes of fk are O(1), if those of 〈φ(M)k 〉 are O(M). εl are defined by εl ≡ |〈ϕl 〉|/M , and
their magnitudes are much less thanO(1), when |〈ϕl 〉|≪M .
For simplicity,we examine a casewith two fundamental parameters f and ε such that
f =O(1)≫ ε. In this case, C˜a are functions of f and ε, i.e., C˜a = C˜a( f ,ε), and degrees of
fine tuning are measured by
∆ f C˜a ≡
∣∣∣∣∂ lnC˜a∂ ln f
∣∣∣∣=
∣∣∣∣∂C˜a∂ f fC˜a
∣∣∣∣ , ∆εC˜a ≡
∣∣∣∣∂ lnC˜a∂ lnε
∣∣∣∣=
∣∣∣∣∂C˜a∂ε εC˜a
∣∣∣∣ . (4)
If the following conditions fulfill,
∣∣∣∣∂C˜a∂ f
∣∣∣∣≤O (∣∣C˜a∣∣) ,
∣∣∣∣∂C˜a∂ε
∣∣∣∣≤O
(∣∣C˜a∣∣
ε
)
, (5)
∆ f C˜a ≤ O(1) and ∆εC˜a ≤ O(1) are derived, and then tiny parameters can be obtained
without severe fine tuning. This feature is understood from a viewpoint of perturbation,
i.e., effects of ε can be perturbatively incorporated, as follows. For
∣∣C˜a∣∣=O(1), C˜a are, in
general, expanded as power series of ε:
C˜a =
∞∑
n=0
C˜a,n( f )ε
n , (6)
where
∣∣C˜a,0∣∣=O(1). If ∣∣∂C˜a,0/∂ f ∣∣≤O(1) and ∣∣C˜a,1∣∣≤O(1) hold, ∆ f C˜a ≤O(1) and ∆εC˜a ≤
O(1) are derived. For
∣∣C˜a∣∣=O(ε)≪O(1), C˜a are expanded as power series of ε:
C˜a =
∞∑
n=1
C˜a,n( f )ε
n , (7)
where
∣∣C˜a,1∣∣ = O(1). In this case, ∣∣∂C˜a/∂ε∣∣ = O(1) holds. If ∣∣∂C˜a,1/∂ f ∣∣ ≤ O(1) holds,
∆ f C˜a ≤ O(1) and ∆εC˜a = O(1) are derived. Note that the term with n = 0 is missing in
Eq. (7), and its absence could be due to the existence of some symmetries.
Let us explain the above feature by way of cα = cα( f ,ε). We assume that cα( f ,ε) orig-
inate from independent terms in a more fundamental theory, and cα are written by
cα = c(1)α ( f )+c(ε)α ( f ,ε), (8)
where |c(1)α | =O(1), |c(ε)α | =O(ε), |∂c(1)α /∂ f | =O(1), |∂c(ε)α /∂ f | =O(ε) and |∂c(ε)α /∂ε| =O(1).
Then, ∆ f C˜a and ∆εC˜a are calculated as
∆ f C˜a =
∣∣∣∣∣
∑
α
(
∂C˜a
∂c(1)α
∂c(1)α
∂ f
f
C˜a
+ ∂C˜a
∂c(ε)α
∂c(ε)α
∂ f
f
C˜a
)∣∣∣∣∣ , ∆εC˜a =
∣∣∣∣∣
∑
α
∂C˜a
∂c(ε)α
∂c(ε)α
∂ε
ε
C˜a
∣∣∣∣∣ , (9)
respectively. If the following conditions fulfill,∣∣∣∣∣
∑
α
∂C˜a
∂c(1)α
∂c(1)α
∂ f
∣∣∣∣∣≤O(|C˜a |),
∣∣∣∣∣ ∂C˜a∂c(ε)α
∣∣∣∣∣≤O
( |C˜a |
ε
)
, (10)
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we find that ∆ f C˜a ≤O(1) and ∆εC˜a ≤O(1). The point is that C˜a are not functions of cα
but c(1)α and c
(ε)
α , or c
(1)
α and c
(ε)
α are treated as independent ones.
We reconsider the previous example that C˜1 =
∑3
α=1 A1αcα and C˜2 =
∑3
α=1 A2αcα with
|A1α| =O(1), |A2α| =O(1), and |cα| =O(1). If cα are given by Eq. (8) and
∑3
α=1 A2αc
(1)
α = 0
holds, we obtain the hierarchy in magnitude such that
|C˜1| =
∣∣∣∣∣
3∑
α=1
(
A1αc
(1)
α ( f )+ A1αc(ε)α ( f ,ε)
)∣∣∣∣∣=O(1), |C˜2| =
∣∣∣∣∣
3∑
α=1
A2αc
(ε)
α ( f ,ε)
∣∣∣∣∣=O(ε). (11)
The absence of c(1)α in C˜2 could be related to some symmetries.
In this way, we arrive at the idea that parameters in an effective QFT are not necessarily
fundamental but effective ones, and then a tininess of some physical parameters can be
naturally understood by using more fundamental parameters.
Strictly speaking, we decipher amechanism that a hierarchy among physical param-
eters can be realized at a tree level without severe fine tuning. Physical parameters, in
general, receive radiative corrections, and hencewe need to examinewhether the hierar-
chy is stabilized against radiative corrections or not. Some symmetries can play a central
role to the stabilization, and we suppose that they function effectively in our case.
3 Consideration of fine tuning on Yukawa couplings
3.1 Quark Yukawa couplings
The quark Yukawa coupling matrices y (u) and y (d) are diagonalized bi-unitary transfor-
mations as
V (u)
L
y (u)V (u)
R
† = y (u)
diag
= diag
(
yu , yc , yt
)
, (12)
V (d)
L
y (d)V (d)
R
† = y (d)
diag
= diag
(
yd , ys , yb
)
, (13)
where V (u)
L
, V (d)
L
, V (u)
R
and V (d)
R
are unitary matrices, and yu , yc , yt , yd , ys and yb are
Yukawa couplings of up, charm, top, down, strange, and bottom quarks, respectively.
The Kobayashi–Maskawa (KM)matrix is defined by [25]
VKM ≡V (u)L V
(d)
L
†
. (14)
Each quark mass is obtained by multiplying each Yukawa coupling by the VEV of
neutral component of Higgs doublet. From Eqs. (12), (13) and experimental values of
quark masses, y (u)
diag
, y (d)
diag
, and VKM are roughly estimated at the weak scale as [26]
y (u)
diag
= diag
(
1.3×10−5, 7.3×10−3, 1.0
)
= diag
(
λ7,λ4,1
)
, (15)
y (d)
diag
= diag
(
2.7×10−5, 5.5×10−4, 2.4×10−2
)
= diag
(
λ7,λ5,λ3
)
, (16)
VKM =

 1 λ λ4λ 1 λ2
λ3 λ2 1

 , (17)
4
where λn means O
(
λn
)
with λ= sinθC ∼= 0.225 (θC is the Cabibbo angle [27]).
Information on physics beyond the SM is hidden in V (u)
L
, V (u)
R
, and V (d)
R
besides ob-
servable parameters y (u)
diag
, y (d)
diag
, and VKM. The matrices V
(u)
L
, V (u)
R
, and V (d)
R
are com-
pletely unknown in the SM, because they can be eliminated by the global U(3)×U(3)×
U(3)/U(1) symmetry that the quark kinetic term possesses.
Using V (u)
L
and V (d)
L
, the Hermitian matrices y (u)y (u)
†
and y (d)y (d)
†
are diagonalized
by unitary transformations:
V (u)
L
(
y (u)y (u)
†
)
V (u)
L
† =
(
y (u)
diag
)2
, V (d)
L
(
y (d)y (d)
†
)
V (d)
L
† =
(
y (d)
diag
)2
. (18)
If Yukawa coupling matrices are specified, we can obtain V (u)
L
and V (d)
L
from (18) and
check whether they provide correct KMmatrices or not.
As seen from (12), yu , yc , and yt are written as linear combinations of y
(u):
yu =
∑
i , j
R11
i j y (u)
i j
, yc =
∑
i , j
R22
i j y (u)
i j
, yt =
∑
i , j
R33
i j y (u)
i j
, (19)
where i , j (= 1,2,3) are family labels and Ri ′ j ′ i j =
(
V (u)
L
)
i ′i
(
V (u)
R
†
)
j j ′
. When we regard y (u)
i j
as fundamental parameters, a large cancellation seems likely necessary to obtain yu =
O(10−5) and yc =O(10−2) in the case with |R11i j | =O(1), |R22i j | =O(1), and |y (u)i j | =O(1)
for their non-vanishing components.
3.2 Reexamination of Yukawa coupling hierarchy
Let us reexamine the hierarchy among up-type quark Yukawa couplings, based on a gen-
eral argument in Sect. 2. We consider a simple case with three fundamental parameters
y , ε1, and ε2, and asuume that y
(u)
i j
are composed of three parts with much different
magnitudes:
y (u)
i j
= yu(1)
i j
(y)+ yu(ε1)
i j
(y,ε1)+ yu(ε2)i j (y,ε1,ε2), (20)
where ε1 and ε2 are tiny parameters, i.e., y(=O(1))≫ ε1(=O(λ4))≫ ε2(=O(λ7)).
In this case, the hierarchy can be generated without severe fine tuning, in the follow-
ing setting (a) – (c).
(a) The magnitude of non-vanishing components in yu(1)
i j
(y) is at most O(1), the rank
of yu(1)
i j
(y) is one, and the magnitude of non-zero eigenvalue is O(1).
(b) The magnitude of non-vanishing components in y
u(ε1)
i j
(y,ε1) is at most O(ε1). The
rank of yu(1)
i j
(y)+ yu(ε1)
i j
(y,ε1) is two, and the magnitude of non-zero eigenvalues
are O(1) and O(ε1).
(c) Themagnitude of non-vanishing components in y
u(ε2)
i j
(y,ε1,ε2) is at most O(ε2).
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In fact, under reasonable assumptions such that∣∣∣∣∂yu(ε2))∂y
∣∣∣∣=O(ε2),
∣∣∣∣∂yu(ε2))∂ε1
∣∣∣∣=O(ε2),
∣∣∣∣∂yu(ε2))∂ε2
∣∣∣∣=O(1), (21)∣∣∣∣∂yu(ε1))∂y
∣∣∣∣=O(ε1),
∣∣∣∣∂yu(ε1))∂ε1
∣∣∣∣=O(1), (22)
degrees of fine tuning for yu and yc are estimated as
∆y yu ≡
∣∣∣∣∂ ln yu∂ ln y
∣∣∣∣=O(1), ∆ε1 yu ≡
∣∣∣∣∂ ln yu∂ lnε1
∣∣∣∣=O(ε1), ∆ε2 yu ≡
∣∣∣∣∂ ln yu∂ lnε2
∣∣∣∣=O(1), (23)
∆y yc ≡
∣∣∣∣∂ ln yc∂ ln y
∣∣∣∣=O(1), ∆ε1 yc ≡
∣∣∣∣∂ ln yc∂ lnε1
∣∣∣∣=O(1), ∆ε2 yc ≡
∣∣∣∣∂ ln yc∂ lnε2
∣∣∣∣=O(ε2/ε1), (24)
and they suggest that the large hierarchy with yt = O(1), yc = O(ε1), and yu = O(ε2) is
naturally realized.
Finally, let us give an illustrationwith a matrix given by
y (u)
i j
= ySi j + yu(ε1)i j (y,ε1)+ y
u(ε2)
i j
(y,ε1,ε2), (25)
where Si j is the (i , j ) component of the democraticmatrix defined by
S ≡ 1
3

 1 1 11 1 1
1 1 1

 . (26)
S is easily diagonalized asU SU † = diag(0,0,1) with the unitarymatrix:
U = 1p
3

 ω ω 1ω ω 1
1 1 1

 , (27)
where ω= e2pii/3 and ω=ω2 = e4pii/3. yu(ε1)
i j
and y
u(ε2)
i j
are supposed to be given by poly-
nomials of ε1 and ε2 such that
y
u(ε1)
i j
(y,ε1)=
∑
n=1
c
(ε1)
i j ,n
(y)εn1 , y
u(ε2)
i j
(y,ε1,ε2)=
∑
n=1
c
(ε2)
i j ,n
(y,ε1)ε
n
2 . (28)
Then, y (u)
i j
is diagonalized as
V (u)
L
(
yS+ yu(ε1)(y,ε1)+ yu(ε2)(y,ε1,ε2)
)
V (u)
R
† = diag
(
yu , yc , yt
)
, (29)
where V (u)
L
, V (u)
R
, yu , yc , and yt are perturbatively given by
(V (u)
L
)i j =Ui j +
∞∑
n=1
c
(L,ε1)
i j ,n
(y)εn1 +
∞∑
n=1
c
(L,ε2)
i j ,n
(y,ε1)ε
n
2 , (30)
(V (u)
R
)i j =Ui j +
∞∑
n=1
c
(R,ε1)
i j ,n
(y)εn1 +
∞∑
n=1
c
(R,ε2)
i j ,n
(y,ε1)ε
n
2 , (31)
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yu =
∞∑
n=1
c
(u,ε2)
n (y,ε1)ε
n
2 , yc =
∞∑
n=1
c
(c,ε1)
n (y)ε
n
1 +
∞∑
n=1
c
(c,ε2)
n (y,ε1)ε
n
2 , (32)
yt = y +
∞∑
n=1
c
(t ,ε1)
n (y)ε
n
1 +
∞∑
n=1
c
(t ,ε2 )
n (y,ε1)ε
n
2 . (33)
Degrees of fine tuning for yu and yc are estimated as
∆y yu =O(1), ∆ε1 yu =O(ε1), ∆ε2 yu =O(1), (34)
∆y yc =O(1), ∆ε1 yc =O(1), ∆ε2 yc =O(ε2/ε1), (35)
using |c(u,ε2 )1 | = O(1), |∂c
(u,ε2 )
1 /∂y | = O(1), |∂c
(u,ε2 )
1 /∂ε1| = O(1), |c
(c,ε1 )
1 | = O(1), |c
(c,ε2)
1 | =
O(1), |∂c(c,ε1)1 /∂y | =O(1), |∂c
(c,ε2)
1 /∂y | =O(1), and |∂c
(c,ε2 )
1 /∂ε1| =O(1). From Eqs. (34) and
(35), there seems no severe fine tuning to derive yu and yc . Note that no contributions
of yu(1)
i j
(y) = ySi j in yu and yc stem from (U SU †)11 = 0 and (U SU †)22 = 0 relating to S3
symmetry.
4 Conclusions and discussions
We have reconsidered a generation of up-type quarkmass hierarchy in the SM, and clar-
ified how a mechanism works that the hierarchy is realized without severe fine tuning.
Based on the idea that parameters in an effective QFT are not necessarily fundamental
but effective ones, and a tininess of physical parameters can be naturally understood
by usingmore fundamental parameters, we have found that up-type quark mass hierar-
chy can be naturally realized, if up-type Yukawa couplingmatrix consists of several parts
with much different magnitudes, the rank of a dominant part is one, and the rank of a
sum of dominant and semi-dominant ones is two.
Themechanism is available for the generation of both up-type and down-type quark
mass hierarchies in an extension of the SMwith extra vector-like fermions. We consider a
case with n families of quarks and n−3 families of mirror quarks. It is assumed that n×n
up-type Yukawa couplingmatrix consists of yu(1)(=O(1)) and other tiny ones, and n×n
down-type Yukawa coupling matrix also consists of yd(1)(=O(1)) and other tiny ones. If
the rank of the dominant part yu(1) is n − 2 and that of yd(1) is n− 3, there can appear
two up-type quarks and three down-type quarks much below the weak scale. The n−3
sets of up-type and down-type quarks form vector-like heavy fermions in company with
mirror ones. Then an up-type quark with a Yukawa coupling of O(1) remains as a chiral
one, it acquires a mass of the weak scale after the breakdown of electroweak symmetry,
and it is identified as a top quark.
It would be interesting to study a mechanism behind the flavor structure, from the
aspect of an exploration of a theory beyond the SM. As a by-product, we might close in
on an unknown part of QFTs through generic features in the mechanism.
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